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Abstract. Set constraints are a useful formalism for verifying properties
of programs. Usually, they are interpreted over the universe of finite
terms. However, some logic languages allow infinite regular terms, so it
seems natural to consider set constraints over this domain. In the paper
we show that the satisfiability problem of set constraints over regular
terms is undecidable. We also show that, if each function symbol has the
arity at most 1, then this problem is EXPSPACE-complete.

1 Introduction

Set constraints are inclusions between expressions denoting sets of terms. They
are a natural formalism for problems that arise in program analysis, including
type checking, type inference, and approximating the meaning of programs. They
were used in analyzing functional [ALW94], logic [AL94], imperative [HJ94] and
concurrent constraint programs [CPM99].

The most popular domain for which set constraints were considered is the
Herbrand universe, i.e. the set of all finite terms constructed over a given signa-
ture. The satisfiability of such constraints was studied by many authors including
N. Heintze and J. Jaffar [HJ90], A. Aiken and E. L. Wimmers [AW92], L. Bach-
mair, H. Ganzinger, U. Waldmann [BGW93], R. Gilleron, S. Tison and M. Tom-
masi [GTT93] and W. Charatonik and L. Pacholski [CP94]. Set constraints for
other domains were also studied ([MGWK96], [ALW94]).

In this paper we consider a variant of set constraints, namely set constraints
over the set of (finite and infinite) regular terms. This domain was first intro-
duced in Prolog II [Col82], and now is used in many modern logic programming
languages, such as SWI-Prolog [Wie03] or Eclipse [WNS97]. Classical set con-
straints over the Herbrand universe can be inadequate in analyzing programs
written in these languages.

Infinite terms in the context of set constraints were studied by Charatonik
and Podelski [CP98], who proved that, for some restricted class of set con-
straints, which they call co-definite set constraints, the algorithms working for
the Herbrand universe also apply to infinite terms. They proved EXPTIME-
completeness of the satisfiability problem of co-definite set constraints over infi-
nite regular terms.
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In general, the satisfiability problem in the Herbrand universe is not equiv-
alent to the satisfiability problem over the set of regular terms. Consider, for
example, the signature containing one constant c, and one unary function sym-
bol f . Then the set constraints X 6= ∅, X = f(X) have no solution in the
Herbrand universe, but they have a solution X = {f(f(f(. . . )))} in the set of
infinite terms. Even if we forbid negative constraints, the finite and infinite cases
differ. Consider the set constraints (with the same signature) consisting of one
equation X = f(X). It has a solution in the Herbrand universe, but it is not
solvable in the universe of regular terms. The reason is that the regular term
t = f(f(f(. . . ))) fulfills the equation t = f(t), so the constraint implies that, in
any solution, t belongs to X, if and only if t belongs to X.

In this paper we show that the satisfiability problem for positive set con-
straints over regular terms is undecidable. The proof is by reduction of the Post
Correspondence Problem. Moreover, we show that, if all function symbols have
the arity less or equal to 1, this problem is EXPSPACE-complete. These are
rather surprising results, since set constraints over the Herbrand universe are
EXPTIME-complete in unary case and NEXPTIME-complete when we allow
function symbols of any arity [AKVW93] (they stay in NEXPTIME even if we
enrich the language, adding negative constraints and projections [CP94]).

2 Preliminaries

2.1 Signatures and Terms

Let Σ = Σ0 ∪Σ1 ∪Σ2 ∪ · · · be a signature. A function symbol from Σn is told
to be of the arity n.

In the paper by a term we mean a finite or infinite tree with nodes labeled
by elements from Σ. If the label of a node belongs to Σn, then this node has
exactly n ordered sons. A term t1 is a subterm of t2, if t1 is a subtree of t2. A
term t is regular, if it has only finitely many different subterms. We denote the
set of all (finite and infinite) regular terms over Σ by TR

Σ . For terms t1, . . . , tn,
we define the term f(t1, . . . , tn) as a tree t, such that the root of t is labeled by
f , and the i-th son of the root is ti, for i = 1, . . . , n.

In order to describe regular terms we introduce a notion of t-graphs. A t-
graph is a tuple 〈Σ, V, E〉, where V is a set of vertices, Σ is a signature, and
E : V → Σ × V ∗, such that if E(v) = 〈f, v1 . . . vn〉, then f is of the arity
n. In such a situation we say that v is labeled by f . If V is finite then we
say that the t-graph 〈Σ, V,E〉 is finite. We write v =E f(v1, . . . , vn) instead of
E(v) = 〈f, v1 . . . vn〉. We say that a vertex vi is the i-th son of v, if and only if
v =E f(v1, . . . , vi−1, vi, vi+1, . . . , vn), for some f .

A regular term can be represented by a t-graph with a selected vertex, as
it is shown in Figure 1. This correspondence could be defined formally in the
following way: a vertex v in a t-graph G = 〈Σ, V, E〉 describes a term t, if there
is a function h from the subterms of t to V such that h(t) = v, and, for every
subterm t′ = f(s1, . . . , sn) of t, we have h(t′) =E f(h(s1), . . . , h(sn)).
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For a t-graph G, by T (G) we denote the set of regular terms represented
by the vertices of G. We say that a t-graph is minimal, if each of its vertices
describes a distinct regular term (in Figure 1, G2 is minimal, whereas G1 is not).
We denote by MR

Σ the minimal t-graph (usually infinite) such that T (MR
Σ ) = TR

Σ .
It is easy to see that t-graph exists, and is unique up to isomorphism.

2.2 Set Constraints

Positive set constraints are inclusions1 of the

Fig. 1. A regular term (on the
left) is represented by gray vertices
of G1 and G2.

form E ⊆ E′, where the expressions E and
E′ are given by the grammar

E ::= X | E ∩ E | E | f(E, . . . , E) | ⊥,

where X stands for a variable from a given
set, and f is a function symbol from a given
signature Σ. We will use > as the abbrevia-
tion of ⊥, and E1 ∪ E2, as the abbreviation
of E1 ∩ E2. We will also identify E with E.

Let SC be a system of set constraints. Let Var denotes the set of variables
that appear in SC, and let σ : Var → 2T R

Σ be an assignment of subsets of TR
Σ

to variables in Var. Then σ in the unique way extends to a function σ̂ from
expressions to subsets of TR

Σ . This extension is defined as follows: σ̂(X) = σ(X),
for X ∈ Var, σ̂(⊥) = ∅, σ̂(E1 ∩E2) = σ̂(E1)∩ σ̂(E2), σ̂(E) = TR

Σ \ σ̂(E), and for
f ∈ Σn, we have σ̂(f(E1, ..., En)) = {f(t1, . . . , tn) | t1 ∈ σ̂(E1), . . . , tn ∈ σ̂(En)}.
An assignment σ : Var → 2T R

Σ is a solution of SC, if σ̂(E) ⊆ σ̂(E′), for each
constraint E ⊆ E′ in SC. A system SC of set constraints is satisfiable, if it has
a solution.

3 Automata and Set Constraints

We adapt here the definition of a t-dag automaton from [Cha99]. A t-graph au-
tomaton is a tuple 〈Σ, Q, ∆〉, where Σ is a finite signature, Q is a finite set
of states, and ∆ is a set of transitions of the form f(q1, . . . , qn) 7→ q with
q, q1, . . . , qn ∈ Q and f ∈ Σn. An automaton is called complete, if for each
f ∈ Σn, and each sequence q1, . . . , qn ∈ Q there exists q ∈ Q such that
f(q1, . . . , qn) 7→ q belongs to ∆. An automaton A′ = 〈Σ, Q′,∆′〉 is an subau-
tomaton of A = 〈Σ, Q,∆〉 iff Q′ ⊆ Q, and ∆′ ⊆ ∆.

A run of an automaton 〈Σ, Q,∆〉 on a t-graph G = 〈V, Σ, E〉 is a mapping
ρ from V to Q such that for each v, v1, . . . , vn ∈ V , and f ∈ Σn, if v =E

f(v1, . . . , vn), then ∆ contains the transition f(ρ(v1), . . . , ρ(vn)) 7→ ρ(v). If there
is a run of an automaton A on a graph G, then we say that A accepts G.

The following lemma states the connections between runs on finite graphs
and runs on MR

Σ .
1 In so called negative set constraints there are also allowed negated inclusions. Such

systems were analyzed for instance in [CP94].
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Lemma 1. Let Σ be a finite signature, and let A be an automaton over Σ. The
following conditions are equivalent:

(i) A accepts MR
Σ .

(ii) A accepts all finite t-graphs over Σ.
(iii) There exists a complete subautomaton A′ of A which accepts MR

Σ .
(iv) There exists a complete subautomaton A′ of A which accepts all finite

t-graphs over Σ.

Proof. One can show the following implications: (ii)⇒(i), (i)⇒(iii), (iii)⇒(iv),
(iv)⇒(ii). All the implications but the first one are quite straightforward. In the
case of (ii) ⇒ (i) we can use the compactness theorem for the propositional logic,
as is sketched bellow. Assume that (ii) holds. We use the propositional variable
pv

q for each vertex v, and each state q of the given automata A. The intended
meaning of pv

q is “the state q is assigned to the vertex v”. For each t-graph G,
using these variables, it is easy to construct a set ΦG of formulas such that ΦG

is satisfiable iff A has a run on G. Now, for any finite Φ′ ⊆ ΦMR
Σ

, one can show
that there is a finite subgraph G of MR

Σ such that Φ′ ⊆ ΦG. By the assumption,
A accepts G, so the set ΦG is satisfiable, and so is Φ′. Hence, by the compactness
theorem, ΦMR

Σ
is satisfiable, which implies that A accepts MR

Σ . ut
Following Charatonik and Pacholski [CP94,Cha99] we define, for a system of

set constraints SC, the automaton ASC representing it. Let E(SC) be the set
of all set expressions occurring in SC together with their complements.

Definition 1. Let SC be a system of set constraints over Σ. The automaton
ASC is 〈Σ,Q, ∆〉, where Q ⊆ 2E(SC), and

1. A subset φ of E(SC) is a state of ASC , if
(i) ⊥ 6∈ φ,

(ii) E ∈ φ iff E 6∈ φ,
(iii) if (E1 ∩ E2) ∈ φ then E1, E2 ∈ φ,
(iv) if E1 ∈ φ, E2 ∈ φ, and (E1 ∩ E2) ∈ E(SC), then (E1 ∩ E2) ∈ φ,
(v) if E ⊆ E′ ∈ SC, and E ∈ φ, then E′ ∈ φ,

(vi) if f(E1, . . . , En) ∈ φ and g(E1, . . . , Em) ∈ φ then m = n and f = g,
2. ∆ is the set of transitions of the form f(φ1, . . . , φn) 7→ φ, where

(i) f ∈ Σn, and φ1, . . . , φn, φ ∈ Q, and
(ii) f(E1, . . . , En) ∈ φ iff Ei ∈ φi for each i = 1, . . . , n.

The following lemma (and its proof) is an exact ‘translation’ of the part of
Theorem 24 from [Cha99].

Lemma 2. Let SC be a system of positive set constraints. SC is satisfiable, if
and only if ASC accepts MR

Σ .

Proof. Suppose that σ is a solution of SC. Let tv denotes the term described
by a vertex v in MR

Σ . Then we can define a run ρ of ASC on MR
Σ by setting

ρ(v) = {E ∈ E(SC) | tv ∈ σ̂(E)} ∪ {E | E ∈ E(SC), tv 6∈ σ̂(E)}, for each vertex
v of MR

Σ . Conversely, if there exists a run ρ on MR
Σ , we can define a solution σ of

SC by σ(X) = {tv ∈ TR
Σ | there exists a vertex v of MR

Σ such that X ∈ ρ(v)}.
ut
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Notation: As the proof of Lemma 2 shows, solutions and runs express the same
relation between terms and variables in different ways: (a) for a solution σ of
SC, we write tv ∈ σ(X), whereas (b) for a run ρ of ASC, we write X ∈ ρ(v)
(where v describes tv).

We find it convenient to write constraints in a form which directly expresses
local relations in a t-graph, using formulas which correspond to (b). So, for
f ∈ Σn, we will write constraints of the form

∀t0 = f(t1, . . . , tn)) : ϕ, (?)

where ϕ is a boolean combination of formulas of the form (X in ti), and (X in ti)
(for 0 ≤ i ≤ n).

Constraints of the form (?) can be easily translated to ordinary set con-
straints: first we change all atomic formulas of the form (E in t0) into E, and,
for 1 ≤ i ≤ n, we change (E in ti) into f(>, . . . , E, . . . ,>) (with E on i-th posi-
tion). Then, we replace ∧ by ∩, ∨ by ∪ and ¬ by complementation, obtaining
an expression S. The resulting set constraint for (?) is f(>, . . . ,>) ⊆ S.

For instance the formula
(∀s = f(t1, t2) : X in s ⇒ Y in t1

)
is translated to

f(>,>) ⊆ X ∪ f(Y,>). This formula says that for any run ρ of ASC , for all
nodes v and v′ such that v is labeled by f and v′ is the first son of v, we have
that X ∈ ρ(v) implies Y ∈ ρ(v′).

Moreover, if a sequence of variables X = (X1, . . . , Xn) is supposed to code
values from some finite set, then we allow to use such vectors of variables as
a syntactic sugar in constraints written in the form (?), which is shown in the
following example.

Example 1. The formula

∀t = f(s) : (X in t) 6= (X in s) (1)

is an abbreviation of the formula

∀t = f(s) : (X1 in s) ∧ (X1 in t) ∨ (X1 in s) ∧ (X1 in t) ∨ · · · ∨
(Xn in s) ∧ (Xn in t) ∨ (Xn in s) ∧ (Xn in t)

Now, the formula (1) means that for any run ρ of the automaton for the con-
straint (1), for all nodes v and v′, such that v′ is the only son of v, and v is
labeled by f , we have that the value of X in ρ(v) is different than the value of
X in ρ(v′), i.e. if we take ai = 1 iff Xi ∈ ρ(v), and ai = 0 iff Xi ∈ ρ(v), and
similarly bi = 1 iff Xi ∈ ρ(v′), and bi = 0 iff Xi ∈ ρ(v′), then we have that
(a1 . . . an) 6= (b1 . . . bn).

In a similar way we can use formulas like ∀t = f(s) : (X in s) = (Y in t) or
∀t = f(s) : (X in s = X in t + 1).

4 The General Case

Now we state the main result of the paper. The rest of this section is devoted to
its proof.
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∀t = aj(·) : A in t ∧ S in t ∧ P in t (2)

∀t = si(·, ·) : A in t ∧ S in t ∧ P in t (3)

∀t = pi(·, ·, ·) : A in t ∧ S in t ∧ P in t (4)

∀t = aj(t1) : (K in t) = (K in t1) (5)

∀t = pi(t1, ·, ·) : (K in t) = (K in t1) (6)

∀t = aj(t1) : (E in t) ⇒ (S in t1) ∧ (A in t1 ∨ E in t1) (7)

∀t = pi(t1, t2, t3) : (E in t) ⇒ (S in t1) ∧ (E in t1 ∨ P in t1) ∨ (A in t2 ∨ E in t2) (8)

∨ (A in t3 ∨ E in t3) ∨ (K in t) 6=(K in t2) ∨ (K in t) 6=(K in t3)

∀t = si(t1, t2) : (E in t) ⇒ (E in t1) ∨ (E in t2) ∨ (P in t1) ∨ (A in t2) (9)

∀t = si(t1, t2) : (H in t) ∨ (E in t) (10)

∨ ((K in t) 6= (K in t1)) ∨ ((K in t) 6= (K in t2))

∀t = aj(t1) : (H in t) ⇒ (H in t1) (11)

∀t = pi(t1, t2, t3) : (H in t) ⇒ (H in t1) ∧ (H in t2) ∧ (H in t3) (12)

∀t = si(t1, t2) : (H in t) ⇒ (H in t1 ∧H in t2) (13)

∀t = ai(t1) : (H in t) ∧ (U in t)=(aix2 . . . xm) ⇒ (U in t1)=(x2 . . . xm) (14)

∀t = ai(·) : (H in t) ∧ (U in t) = ε ⇒ (F in t) (15)

∀t = pi(t1, t2, t3) : (H in t) ⇒ (C in t) ∨ (C in t1) (16)

∨ �(U in t2) = ui ∧ F in t1
� ∨ �(U in t3) = vi ∧ F in t1

�

∀t = pi(t1, t2, t3) : (H in t) ∧ �F in t) ⇒ (F in t2 ∧ F in t3
�

(17)

∀t = pi(t1, t2, t3) : (H in t) ∧ (C in t) ⇒ �
(V in t2) 6= (V in t3)

�
(18)

∀t = si(t1, t2) : (H in t) ⇒ (C in t1) ∨
�
(U in t2) = ui ∧ F in t1

�
(19)

∨ �(U in t2) = vi ∧ F in t1
�

Fig. 2. Constraints Φ

Theorem 1. Deciding whether a system of positive set constraints has a solu-
tion in the domain of regular terms is undecidable.

Let (u1, v1), . . . , (uN , vN ) be an instance of PCP over an alphabet Σ =
{a1, . . . , aK}. We can assume that the words u1, v1, . . . , uN , vN are not empty2.
We give a system Φ of set constraints (Fig. 2) which has a solution, if and only if
the given instance of PCP has no solution. The explanation of the the intended
meaning of these contstraints will be postponed until Subsections 4.2 and 4.3.

The signature we use consists of the functors si of the arity 2, and the functors
pi of the arity 3, for each 1 ≤ i ≤ N (each si and pi corresponds to the pair
(ui, vi)), and the functors aj of the arity 1, for each aj belonging to Σ.
2 Undecidability of PCP can be proved, if we assume that words are not empty. See

e.g. the proof of undecidability of PCP in [HU79].
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4.1 H-structures and Solutions of PCP

In this subsection we define a class of finite t-graphs, called H-structures, which
can be used to code solutions of the given instance of PCP.

We say that a vertex is of the type a, if it is labeled by aj , for some j.
Similarly, a vertex is of the type s or p, if it is labeled by si, pi respectively, for
some i.

Definition 2. An H-structure is a t-graph which consists of one vertex x0 of
the type s, called the root, nodes x1, . . . xn of the type p, and nodes y1, . . . , ym

of the type a such that:
(i) the first son of the root is x1, and the second son of the root is y1,

(ii) the only son of yi is yi+1, for 1 ≤ i < m, and the only son of ym is x0,
(iii) for each 1 ≤ i < n, the first son of xi is xi+1, and the first son of xn is x0,
(iv) for each 1 ≤ i ≤ n, the second and the third son of xi are of the type a

(thus belong to {y1, . . . , ym}).
An example of an H-structure is shown

Fig. 3. An H-structure. The first
sons of vertices of the type p are rep-
resented by down arrows, the second
sons by gray right arrow, and the
third sons by black right arrow.

in Fig. 3. Let us notice that labels of ver-
tices of the type a correspond to symbols
from Σ, thus sequences of vertices of this
type can code words over Σ. We formal-
ize it in the following way: a word w =
b1 . . . bn ∈ Σ∗ has an instance starting at
a vertex y1, and finished at a vertex y, if
there exists a path y1, . . . , yn of vertices la-
beled by b1, . . . , bn, and y is the only son of
yn.

Let x be a vertex of the type p or s.
A vertex y is said to be a second (third)
grandson of x, if y is the second (third) son
of the first son of x.

Definition 3. A vertex x labeled by pk is valid, if its first son has the type p,
and (a) uk has an instance starting at the second son of x, and finished at its
second grandson, and (b) vk has an instance starting at the third son of x, and
finished at its third grandson.

Similarly, a vertex x labeled by sk is valid, if its first son has the type p,
and (a) uk has an instance starting at the second son of x, and finished at its
second grandson, and (b) vk has an instance starting at the second son of x, and
finished at its third grandson.

If y is the first son of a valid vertex, then y is told to be charged.

Notice, that a charged vertex must have the type p. Now, consider the H-
structure from Fig. 3, and suppose that the given instance of PCP has two pairs
(a1a1, a1), (a2, a1a1a2). Consider the path of vertices labeled by s1, p1, p2, p1, p2.
The first three vertices of this path are valid. The charged vertices of this H-
structure are the black ones.
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Definition 4. An H-structure G with the root x0 describes a solution, if there
exist charged vertices x1, . . . , xn (of the type p), for n ≥ 1, such that x0, x1, . . . , xn

is a path in G, and the second and the third son of xn are the same.

Notice that the vertices x0, . . . , xn−1 in the definition above must be valid,
because the first son of each of them is charged.

Consider again the PCP given by the pairs (a1a1, a1), (a2, a1a1a2). The
H-structure from Fig. 3 describes a solution of this PCP. The described solution
is the sequence 1, 1, 2. It is given by indices of the labels s1, p1, p2 of the vertices
on the path starting with the root. Note that the next vertex on this path with
label p1 (which is not valid, but is charged) is the one whose second and third
sons are the same. Note also that the last vertex of the type p is of no use, and
we could build a smaller H-structure which describe the same solution.

It is easy to show that the following holds.

Remark 1. The given instance of PCP has a solution, if and only if there exists
an H-structure which describes a solution.

Now, we state two lemmas which constitute the major steps of the proof of
Theorem 1. The proofs of these lemmas are given in separate subsections.

Lemma 3. Let Φ be the system of set constraints from Fig. 2. AΦ accepts all
finite t-graphs, if and only if it accepts all H-structures.

Lemma 4. Let Φ be the system of set constraints from Fig. 2. AΦ accepts an
H-structure G, if and only if G does not describe a solution.

Lemmas 2, 3, and 1 imply that system Φ from Fig. 2 is satisfiable, if and only
if AΦ accepts all H-structures. Consequently, by Remark 1 and Lemma 4, the
given instance of PCP has no solution, if and only if the system of set constraint
from Fig. 2 is satisfiable, which completes the proof of Theorem 1.

4.2 The Proof of Lemma 3

A vertex of the type p is well-typed, if its first son has the type p or s, and its
second and third sons have the type a. A vertex of the type a is well-typed, if its
only son has the type a or s. A vertex of the type s is well-typed, if its first son
has the type p, and its second son has the type a. Notice that all the vertices of
any H-structure are well-typed.

Now, we introduce a notion of witness which is intended to give an evidence
that a vertex v (of the type s) is not a root of any H-structure, and carry some
information which will be used later in the proof.

Definition 5. Let G be a t-graph, and v be a vertex of the type s. A witness
for v has one of the following forms:
(a) 〈v, {v, z1, . . . , zn}〉, if v, z1, . . . , zn is a path in G, where none of z1, . . . , zn

has the type s, and only the last vertex of v, z1, . . . , zn is not well-typed.
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(b) 〈v, {v, z1, z2, . . . }〉, if v, z1, z2, . . . is an infinite path in G of well-type vertices,
where none of z1, z2, . . . has the type s.

(c) 〈w, {v, x1, . . . , xn}〉, if v, x1, . . . , xn, y1, . . . , ym, w is a path in G, where the
vertex w 6= v has the type s; the vertices x1, . . . , xn are well-typed, and have
the type p; the vertices y1, . . . , ym are well-typed, and have the type a.

(d) 〈w, ∅〉, if there is a path of the form v, x1, . . . , xn, w in G, where the vertex
w 6= v has the type s; the vertices x1, . . . , xn are well-typed, and either each
of them has the type p, or each of them has the type a.

The set of all the witnesses for v is denoted by W (v).

Note that a witness of the form (a) corresponds to the case, when starting
with v, we can reach some vertex which is not well-typed. A witness of the form
(b) corresponds to the case, when there is an infinite path of well-typed vertices
of the type p or a starting with v. A witness of the form (c) or (d) corresponds
to the case when starting with v, we can reach a vertex w 6= v of the type s: a
witness has the form (c) if the path from v to w contains vertices of the type
p followed by vertices of the type a, and a witness has the form (d) if the path
from v to w contains vertices only of the type p, or only of the type a.

One can check that a vertex v of the type s is the root of some H-structure,
if and only if W (v) is empty.

In order to prove the nontrivial implication of Lemma 3, let us assume that
AΦ accepts all H-structures. Let G be a finite t-graph, and G0 be the subgraph
of G containing exactly all the H-structures of G. Because these H-structures
have disjoint sets of vertices, and each of them has an accepting run, there exists
an accepting run ρ0 of AΦ on G0. We will extend ρ0 to a run ρ on G, but first
we informally explain the role of some variables used in the constraints from
Fig. 2:
– A,S, P – type variables. In each vertex v exactly one of these variables have

to be set: A has to be set in v (i.e. A ∈ ρ(v)), if v has the type a, and so on
(see (2)–(4)).

– K — vectors of variables which can code a color, i.e. a value from {α, β, γ}.
The constraints (5)–(6) guarantee that each vertex of the type a or p has the
same color as its first son, thus each H-structure is colored with one color.
These variables are used to detect cases related to the points (c) and (d) of
Definition 5.

– E – an error flag. If set in a vertex v, it indicates that v cannot be a part of
any H-structure. The constraints (7)–(9) allow us to set E in v only if either
(i) E is set in some son of v of a type different than s, (ii) v is not well-typed,
or (iii) v has the type p and it has a different color than its second or third
son (it is related to point (c) of Definition 5).

– H – an H-structure indicator. This variable is intended to be set exactly in
these vertices which are a part of some H-structure. The constraints (11)–
(13) guarantees that, if H is set in some vertex, then it must be also set in
all its sons. The constraint (10) guarantees that H must be set in a vertex
v of the type s unless (i) E is set in v, which corresponds to the points (a),

9



(b) or (c) of Definition 5, or (ii) v has a different color than one of its sons,
which corresponds to point the (d) of Definition 5.
Note that, if the variable H is not set in some vertex v (so v is not a part of
any H-structure), then (11)–(19) are obviously satisfied in v.

As we have noticed, v of the type s is the root of some H-structure, if and
only if W (v) = ∅. Let VS denote the set of vertices of the type s from G \ G0.
For each v ∈ VS , W (v) 6= ∅, so let us chose one witness from W (v), and denote
it by f(v). One can assign a color cv ∈ {α, β, γ} to each vertex v ∈ G of the type
s in such a way that, if f(v) = 〈w, B〉, for some w 6= v, then cv 6= cw, and, for
v ∈ G0, we have cv = (K in ρ0(v)).

Now, we extend ρ0 to a run ρ on G. For each v ∈ G \G0, we define ρ(v) as
follows: We set variable H to 0. We set type variables (A, S, P ) according to
the type of v (e.g. A, S, P in vertices of the type a). We set variable E to 1, if
and only if, for some v′ ∈ VS with f(v′) = 〈w, B〉, the vertex v ∈ B. If v ∈ VS

then we set K to cv, otherwise we give v the color of its first son (when following
first sons, we get into a cycle, then we can set K to α in all the vertices of this
cycle). The values of the other variables do not matter. One can now show that
ρ is a run on G. ut

4.3 The Proof of Lemma 4

Lemma 5. Let G be an H-structure, and ρ be a run of AΦ on G. For each vertex
v of G, the variable H must be set in ρ(v).

Proof. It is easy to check that all the vertices of G have the same values of K
in ρ. Moreover, one can check that E must not be set in ρ(v), for each v in G.
Thus, the only way to satisfy the constraint (10) for the root r is to set H in
ρ(r). So, by the constraint (11)–(13), H must be set in all the vertices of G.

Let us now describe the intended meaning of the variables used in this part
of the proof. As we consider here H-structures, we assume that, according to
Lemma 5, the variable H must be set in any vertex considered.
– U — a sequence of variables of the length sufficient to code a special value ¦,

and words over Σ not longer than l, where l is the length of the longest of the
words in the given instance of PCP. It is used to check whether some word
has an instance at a given place (see (14)–(15)), and so to check validity of
vertices.

– F — an auxiliary variable used together with U to check validity of vertices.
– C — the constraints (14)–(16) and (19) guarantee that, in any run, C have

to be set in the vertices denoted by x1, . . . , xn in Definition 4 (that is in the
sequence of charged vertices).

– V — a vector of variables which can code one of the colors α, β, γ. It is used
only in (18) which guarantees that the second and the third son of a charged
vertex (a vertex with the variable C set) must not be the same,

In order to prove Lemma 4, we first show that if an H-structure G de-
scribes a solution, then AΦ does not accept G.
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Proof. Suppose that G describes a solution, and suppose that ρ is a run of AΦ

on G. Let x0, . . . , xn denote vertices according to Definition 4. Using Lemma 5,
one can show that (14)–(15) have the following consequence: if a word u has an
instance starting at x and finished at y, and (U in ρ(x)) = u, then F ∈ ρ(y).

Using that together with (16), (17), (19) one can prove, by induction on i,
that C ∈ ρ(xi), for 1 ≤ i ≤ n. Particularly, C ∈ ρ(xn). By Definition 4, the
second and the third sons of xn are the same, which implies that ρ cannot fulfill
(18), and contradicts the assumption that ρ is a run on G. ut

Now, we show that if an H-structure G does not describe a solution,
then AΦ accepts G.

Proof. Let x0, . . . , xn and y1, . . . , ym denote vertices according to Definition 2.
For i ∈ {1, . . . , n}, we define s(i) and t(i) in such a way that ys(i) is the second
son of xi, and yt(i) is its third son.

Let xk be the first not valid vertex from x0, . . . , xn (such a vertex exists,
because xn is not valid). Notice that G does not describe a solution, and, for each
i ∈ {1, . . . , k}, xi is charched, so we have s(i) 6= t(i), and moreover, s(i) < s(i+1),
and t(i) < t(i + 1). Using these facts, one can prove that each vertex v can
be assigned a color f(y) ∈ {α, β} such that, for each i ∈ {1, . . . , k}, it holds
f(ys(i)) 6= f(yt(i)).

Now, we will define a function δ from the set of vertices of G to the set of
values that can be coded in U. If k = n, then let δ(v) = ¦, for each vertex v of G.
Otherwise (i.e. if k < n), since xk is not valid, there are two possible cases which
correspond to violation of the condition (a), or the condition (b) of Definition 3.
We consider the case (a), and we assume that k 6= 0 (in the other cases the proof
proceeds similarly). Let pj be the label of xk, and uj = b0 . . . bl. Let d be the
greatest natural number such that the labels of ys(k), . . . , ys(k)+d are some prefix
of uj (d must not be greater than l). For 0 ≤ i ≤ d + 1, let δ(ys(k)+i) = bi . . . bl.
For a vertex v /∈ {ys(k), . . . , ys(k)+d+1}, let δ(v) = ¦.

Now we construct a run ρ such that:
– in each vertex v of G we set H to 1 and E to 0; the type variables we set

according to the type of v, and the variables K we set to α,
– we set F to 1 in each vertex, with the exception of xk+1 and its second and

third sons, if k < n,
– we set the variable C to 1 only in the vertices x0, . . . , xk,
– in each vertex v, we set V to f(v), and U to δ(v).

One can check that ρ is a run of AΦ on G. ut

5 The Unary Case

In this section we consider positive set constraints which use only constants
and unary function symbols. Such systems will be called unary set constraints
(USC). The problem of deciding whether a system of USC is satisfiable turns out
to be EXPSPACE-complete, which is an immediate consequence of the following
theorems.
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Theorem 2. Deciding whether a system of USC is satisfiable is in EXPSPACE.

Theorem 3. Deciding whether a system of USC is satisfiable is EXPSPACE-
hard.

5.1 Proof of Theorem 2

Let Σ be a signature, and f1, . . . , fn ∈ Σ. A finite t-graph 〈V,Σ,E〉 with the set
of vertices V = {v1, . . . , vn} is a cycle f1, . . . , fn (over Σ), if v1 =E f1(vn), and
vi =E fi(vi−1), for 1 < i ≤ n.

Intuitively, cycles are the most difficult parts of a t-graph when we want to
find a run. This is stated by the following lemma:

Lemma 6. Let A be a complete automaton over Σ. A accepts all finite t-graphs
over Σ, if and only if it accepts all cycles over Σ.

Proof. Sketch. To proceed the proof in the nontrivial direction note that the
connected components of a graph can be considered separately. Each such com-
ponent contains at most one cycle. To find a run for a whole connected compo-
nent, we first find a run on the only cycle, and then use the completeness of the
automaton.

Now, for a t-graph automaton A, we define a deterministic finite automaton
Ã (working on finite words) in such a way that runs of A on cycles can be
simulated by Ã.

Definition 6. Let A = 〈Σ,Q, ∆〉 be a t-graph automaton with Q = {q1, . . . , qn}.
We define a deterministic finite automaton Ã on finite words over the alpha-
bet Σ1 (i.e. over the set of the unary symbols of Σ) in the following way: let
Ã = 〈Σ1, Q̃, q̃0, δ̃, F̃ 〉, where Q̃ = (2Q)n

is the set of states, q̃0 = 〈{q1}, . . . , {qn}〉
is the initial state, and F̃ = {〈Q1, . . . , Qn〉 | qi ∈ Qi for some 1 ≤ i ≤ n} is the
set of accepting states. The transition function δ̃ is defined by the equation

δ̃(〈Q1, . . . , Qn〉, f) = 〈Q′1, . . . , Q′n〉,
where Q′

i = {q′ ∈ Q | there exists q ∈ Qi such that (f(q) 7→ q′) ∈ ∆}.

One can prove the following lemma which expresses a correspondence be-
tween automata on words and t-graph automata on cycles.

Lemma 7. Let A be a t-graph automaton over Σ, and f1, . . . , fk ∈ Σ. The
automaton A accepts the cycle f1, . . . , fk, iff Ã accepts the word f1 . . . fk.

Deciding whether a deterministic finite automaton is universal (i.e. accepts all
words) is NLOGSPACE complete. Knowing that, since the size of Ã is 2O(n2),
it is easy to prove that, for a t-graph automaton A, the problem of deciding
whether Ã is universal is in PSPACE.

Now we give the nondeterministic algorithm working in EXPSPACE, and
verifying whether a given system SC of set constraints is satisfiable: First we
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construct ASC . Then we guess3 a complete subautomaton B of ASC and verify
whether B̃ is universal. If it is, we halt with the answer “yes”, otherwise halt with
the answer “no”. It is easy to check that this algorithm works in EXPSPACE.
Its correctness follows directly from Lemmas 1, 2, 6, 7.

5.2 Proof of Theorem 3

Suppose that M is a deterministic Turing machine which, for an input word w
of length n (w ∈ {0, 1}∗), uses space bounded by 2N where N = nl, for some
integer l. We assume that the set of states Q = {0, . . . , K}, the tape alphabet
Γ = {0, . . . , L}, the number 0 denotes the initial state and the blank symbol,
QF ⊆ Q is the set of accepting states, and δ is the transition function.

Without loss of generality we can assume that Q is a union of three disjoint
sets: QL, QR and {0}, such that M can be in a state belonging to QL (QR)
only after its head has been moved left (right respectively).4 Thus the transition
function δ can be seen as a function from Q× Γ to Q× Γ .

Let u = u1 . . . un ∈ {0, 1}∗ be the input word. We will construct a system Ψ
of set constraints such that M accepts u, if and only if Ψ is not satisfiable. In
set constraints Ψ we use the signature Σ = Σ1 = {f0, . . . , fK}.

Let us notice that a sequence 0, q1, . . . , qn of states of M can be coded as
the cycle f0, fq1 , . . . fqn . This gives us opportunity to code computations using
t-graphs (note that a sequence of states determines the position of the head). A
sequence 0, q1, . . . , qn of states of M is accepting, if qn ∈ QF . It is valid, if there
is a computation of M on u with these states.

We will consider a computation of M for u from the point of view of the i-th
cell. A sequence 0, q1, . . . , qn of states of M is valid with respect to the i-th cell,
if there exists a sequence of tape symbols a0, a1, . . . , an, such that (1) a0 is the
tape symbol contained in the i-th cell at the start of computation, and (2) if the
position of the head of M in the j-th step is i, then δM (qj , aj) = 〈qj+1, aj+1〉,
otherwise aj+1 = aj .

Note that a sequence of states is valid, if and only if it is valid with respect to
the i-th cell, for all 0 ≤ i < 2N . In Figure 4 we give a system Ψ of set constraints
which is solvable, if and only if M does not accept u.

In the constraints we use the following variables: P = P1, . . . , PN (related
to the position of the head), A = A1, . . . , AN (related to the address of a cell),
X = X1, . . . , Xdlog2Le (related to the content of the cell pointed by A), Q =
Q1, . . . , Qdlog2Ke (related to a state of M). We use a special variable T which
is a sign of invalid computation and variables K which are supposed to code a
color (i.e. an element from {α, β, γ}).

One can prove the following lemma.

Lemma 8. AΨ accepts all finite t-graphs, if and only if AΨ accepts all cycles of
the form f0, fq1 , . . . fqn where qi 6= 0, for i = 1, . . . , n.
3 We can use nondeterminism here because EXPSPACE=NEXPSPACE.
4 We can easily transform any Turing machine, so as it meets this condition.
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∀t = f0(s) : (K in s) 6= (K in t) ∨ start(t) ∧ T in t ∧ �T in s ∨ nacc(s)
�
, (20)

∀t = fi(s) : (K in t) = (K in s)∧ (21)

((T in s) ∨ (T in t ∧ goodi(t, s))
∨ (T in t ∧ badi(t, s)))

(for all 0 < i ≤ K), (22)

where

nacc(t) ≡
^

i∈QF

(Q in t) 6= i, (23)

start(t) ≡ (P in t) = 0 ∧ (Q in t) = 0∧ (24)
�
(A in t) > n ∧ (X in t) = 0 ∨

_

1≤i≤n

(A in t) = i ∧ (X in t) = ui

�
(25)

badi(t, s) ≡ (A in s) = (P in s) ∧ δM ((Q in s), (X in s)) = 〈j, v〉, where j 6= i (26)

goodi(t, s) ≡ nexti(t, s) ∧ (A in t) = (A in s) ∧ (Q in t = i) ∧ (Φi ∨ Φ′i) (27)

Φi ≡ (A in s) = (P in s) ∧ δM (Q in s, X in s) = 〈i, X in t〉 (28)

Φ′i ≡ (A in s) 6= (P in s) ∧ (X in t) = (X in s) (29)

nexti(t, s) ≡
(

(P in t) = (P in s) + 1, if i ∈ QR

(P in t) = (P in s)− 1, if i ∈ QL

(30)

Fig. 4. Constraints Ψ

Now we give some intuition how AΨ works on t-graphs which possibly code
computations of M . The main idea is as follows: successive vertices of a t-graph
describe successive states of computation of M from the point of view of the k-th
cell. The number k is coded in A, and X represents the content of the cell within
the computation. nexti(t, s) describes changes of the position of the head, nacc(t)
says that the state coded in vertex t is not accepting. The expression goodi(t, s)
guarantees that consecutive vertices have proper values of P, A, Q, X: the value
of P is incremented or decremented dependently of the state, the value of A is
copied (since we still look at the same cell), and the value of Q, which codes a
state, changes according to the label of the node. The value of X changes only
if the head of the machine M looks at the selected cell. These changes have to
agree with the transition function of M . The expression badi(t, s) says that i
cannot be the next state of M , if the current state was coded in s.

The next lemma relates cycles of the form f0, fq1 , . . . fqn with computations
of M .

Lemma 9. AΨ does not accept a cycle f0, fq1 , . . . fqn where qi 6= 0 for i =
1, . . . , n, if and only the sequence 0, q1, . . . , qn is valid and accepting.

Lemmas 8, and 9 suffice to conclude that AΨ accepts all finite t-graphs iff
M rejects u. So, thanks to Lemmas 1 and 2, M rejects u iff the system Ψ has a
solution, which completes the proof of Theorem 3.
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6 Future Works

It could be useful to find some other variants of set constraints for which the sat-
isfiability problem over sets of regular terms is decidable. Particularly, it is worth
to consider so called definite set constraints [HJ90] for which the satisfiability
problem over the Herbrand universe is EXPTIME-complete [CP97].
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